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Scope of application W &
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« The formulas in this paper apply to general vector fields of class C?, i.e. once
continuously differentiable. The fields does not have to be divergence free.

o SAEMEFAL X, AR/EGY python-numpy 69 npz S, LA ELAEE,
* Key: R, ‘Z, ‘Phi’, ‘BR’, ‘BZ, ‘BPhi’
* Value:
« ‘R, ‘T, 'Phi’ keys store the respective 1D axis of the regular equally-spaced grid. Phi: [0, dphi, ..., 2pi-dphi,2pi]
« ‘BR’, ‘BZ’, ‘BPhi’ keys store the respective 3D field component of the grid [iR, iZ, iPhi].
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Nested closed flux surface assumption W &
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The torus domain occupied by the bulk plasma is nested by layers of flux surfaces.
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Figure from Jan Willem Coenen, The Influence of the Dynamic Ergodic Divertor on the Radial Electric Field at the Tokamak TEXTOR [D] 2009 4




Nested closed flux surface assumption broken W &
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H. Frerichs et al 2020 Phys. Rev. Let. 125 155001
Detachment in Fusion Plasmas with Symmetry Breaking Magnetic Perturbation Fields
(e £ 37 BT AR 09 K30 3% )5 B9 R T 5 & TR F a9 L se)
Abstract: ... However, the divertor plasma regions with connection to the bulk plasma are extended nonaxisymmetrically further outside, where
significant heat loads occur, unlike in the symmetric configuration. The temperature remains high at those locations, which reduces the divertor
plasma dissipation capacity, making the mitigation of heat loads more difficult to achieve.
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Nested closed flux surface assumption broken W &
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o XA KIS M MR EHE? LAKAREZMRE
FH?
« HEME), RN EZAARFGER, RAGET
o Z I VAL ELT RN R % (BPIR flow)
o —ZERVA LAY FH RS F % (B iS4t map)
« 2815 F % Lorenz #= Rossler "% 7] F .

« BIHWIIE AKX, ZhofTF 8 I RAE?

Figure 12.3.2 Abroham and Shaw (1983), p. 121
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Figure 12.3.5 Abroham and A
Shaw (1983), p. 123 6
Figure 12.3.4 Abraham and Shaw (1983), pp 122-123
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Chaotic or stochastic?
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Figure 3.17 Generic bifurcation diagrams of (3.54). The notations for bifurcation
curves are explained in the text; + index indicates two different rotation directions.
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Chaotic or stochastic?
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F 54 3/ & %A=’ 5% Dynamical system and chaos

o I B P|IE R A{A 4R PE Sensitivity to the initial condition
o A IAHR M T
* Lyapunov #5%% (4%) exponent (spectrum)

 3&4]J7 topology entropy
o 277 4 Ergodic

>

e Z #0418 Recurrence time

o AR Pugh &9 —A% A% 55 1 € 32 (general density
theorem) , “—AMxMmT, AMMAEHZHE
(non-wandering set) A%, 7

ICharles C. Pugh, An Improved Closing Lemma and a General Density Theorem, Amer. J. Math. 1967

%4 L stochasticity

F 54 FaALILAZ stochastic process
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Stochastic ordinary/partial differential equations
FAALE [ i 77 A2

« N-FHEZA ($) martingale

« 7 B 3Z 5/ Brown motion
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Chaotic or stochastic? W &
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of the separatrix. As the strength ot the 3D perturbation field

Erratum: Resonant mag netic pertu rbations increases, the region in the vicinity of the separatrix under-

of edge-plasmas in toroidal confinement | & i o e i s
devices (201 5 Plasma Phys. CODtI‘OI. Fusion region surrounding the island lobes. This is a generic prop-

57 123001)

resulting in homoclinic tangles between connected hyperbolic
points and heteroclinic tangles between unconnected hyper-
TEEvans bolic points [67-70, 72]. These tangles result in stochastic or
General Atomics, PO Box 85608, San Diego, CA 92186-5606, USA chaotic field line paths near the hyperbolic points as well as in
the boundary of the island defined by the tangle and stochas-
tic tunneling between neighboring islands that can result in
global stochasticity [70]. The intersection points between W*

E-mail: evans @fusion.gat.com

lines. As the amplitude of the perturbation field is increased,
these stochastic or chaotic field lines may pass through a sig-
nificant fraction of stochastic volume or only through a small
part depending on the nature of the RMP field and the prop-
erties of the axisymmetric equilibrium field. These global
3D stochastic lavers have sometimes inappropriatelv been

nERER ‘B’ ER TR

Is that “yes” or “no”? Yes a;ld no.
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Yes, Minister (2, KBE) #HE




Nested closed flux surface assumption broken W &
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Figure 12.3.2 Abroham and Shaw (1983), p. 121
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Figure 12.3.5 Abroham and A
Shaw (1983), p. 123 11
Figure 12.3.4 Abraham and Shaw (1983), pp 122-123
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THEOREM & #2 (Poincare-Hopf) !-2

Let M be a compact orientable smooth manifold and v a smooth (tangent) vector field on M with isolated

zeros. If M has a boundary, then v is required to point outward at all boundary points. The sum of the indices
of the zeroes of the vector field v on the manifold M equals the manifold’s Euler number.
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Poincaré-Hopf & ¥

25—

Poincaré-Hopf x& ¥ i) — 445451 S RTF5
FBFRER (hairy ball theorem)
HA7 57 B R AE 1912 43R B

Fig. AR B3R T2 = S X SB35 h y = 0.2

Euler number for an orientable surface of genus g is y = 2 — 2g.

— A Ay g KT Y BB Ay = 2 — 2.

VB IR Fe i, (HSEISTE UM (e RS) ) . Fig 6.2, 2020

2Math Curve, https://mathcurve.com/surfaces.gb/eulerpoincare/eulerpoincare.shtml
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Poincare-Birkhoff 1 ¥

THEOREM & 32!

1. Statement of the Theorem. Poincaré’s theorem may be stated in a simple form as follows:
Let us suppose that a continuous one-to-one transformation T takes the ring R, formed by con-
centric circles C; and Cj, of radii a and b respectively (2 > b > 0 ), into itself in such a way as to
advance the points of C, in a positive sense, and the points of C;, in the negative sense, and at the
same time to preserve areas. Then there are at least two invariant points.

—ARAET K34 (annulus) REBEFIE A F, FRirHAANRCEC, #2C, AR, DA FZAaFb, THIHNE

SHEBRBA R F, C,F2C, LW RSO T AR, RETLR@R. WA EDY BATH = (fixed point)

“Points on C; and C;, are advanced in
positive and negative senses, respectively”
is said with regard to the lift of T to the
semi-plane {(9, r2) |2 > 0}.
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H. Frerichs 2015 POP 22 072508

The pattern of parallel edge plasma flows due to pressure gradients, recycling, and
resonant magnetic perturbations in DIII-D

DIII-D E & A58 &, BiR., 2RBILDFHOAFE B TRG TR X

Yuri Kuznetsov, Numerical bifurcation of maps. 2020

WA(S)={q€ X| f"(¢) = S as n — oo},
WHS)={qe X| f"(q) = S as n — oo}
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DEFINITION & !

Informally speaking, an integrable system is a dynamical system with sufficiently many conserved quantities, or
first integrals, such that its behaviour has far fewer degrees of freedom than the dimensionality of its phase space;
that is, its evolution is restricted to a submanifold within its phase space.

- If there exists a maximal set of conserved quantities, this system is completely integrable.

AN, —NIAREAAARBSZHTEE (RBRRY) 931 7%, RAITAHG A B EZIKT
Hprbme b ag e, e, HLEAHMERA AR B ENT IR P,

- wRBEERSZTRRENTEE, ZREAABMSAZELE TR,
¢ =0,H(p,q) NASFlog, EAFR AP ORTHREF L E T n-3F

COROLLARY #E 162 i
PR G e ol i

KAM theory shows that, under suitable regularity and non-degeneracy assumptions, most (in measure theoretic
sense) of invariant n-tori persist (slightly deformed) under small Hamiltonian perturbations. The union of
persistent n-tori (Kolmogorov set) tend to fill the whole phase space as the strength of the perturbation is
decreased.

KAM 32t & B, A& EAIEN EAdF BB RATR T, £ 89 Hamilton /3T, K3 AN E
WHAE) OAREn-FT"BA (RABMTH) . MAERHWZEMRI, AL TG A6 n-0 4 mx
%/Er\ (Kolmo gorov%) 2<l T%J T \:]3 ;}% 2 7]‘5] 8 JE] ) ! Wikipedia contributors. “Integrable system.” Wikipedia, The Free

Encyclopedia. Wikipedia, The Free Enc2yclo edia, 2022
KAM t }Z‘ 2 Luigi Chierchia and John N, Mather ( 01OS)Kolmogorov-Arnold-Moser
OFUS A theory. Scholarpedia, 5(9):2123. 19

{p = —8,H(p, q) —fm T, NAS 8 & E 4 IN 4 Hamilton 7 AR % WA
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A final step will bring this into action/angle form. We define ASIPP

Figure from Jan Willem Coenen, The Influence of the Dynamic Ergodic
Divertor on the Radial Electric Field at the Tokamak TEXTOR [D] 2009

u(y) = fw dy’ q(y’), (86)

TUq

where , is the value of y at the extremal point a of Fig. 1. Then we have the well

NUSN NN - magnetic

known form for B, W AT R SHT A ﬂuxgsurfaces

B,=Vu XVl —Vy x Vs (87)
A vector potential for this is WA

A,=uVl— yVy, (88)

which can be written as a 1-form, fﬁié]\ 1_% B 1

7= Ay dx=udf—yds. (89) A%
This is in th | J:F_lmlJ {ﬁ}%\M/lF}?E Jdo — H(J) dt| Thus, ¥ and # are ’—ﬁiﬁ% %_’ N /]\ EJ ‘b/;{éﬁ ZN %3{ Hamilton % ?}iﬂ%%’?%}ﬂﬁ

is is in the|canonical action/angle form, - . = o s . SN > =

action/angle variables for the unperturbed field line flow, and is the N /]\ "’j?‘]..‘?- w2, liﬁ‘:l’ ,% éfb‘:i’ 89 BT AR F%%’]Eé &0 n-Ik
Lol BRRAE 7 72 N E t, n-R T RS FIET AR n-2R T 693775

The equations of motion in the variables (u, f,¢) are given by Hamilton’s

equations
df oy 1
Ev é‘é H 4 > d¢_3u_q‘
%, 77 %% %9 Hamilton 75 X (90)
e __w_. John R. Cary and Robert G. Littlejohn, Annals of Physics 151, 1-34, 1983
d¢ o0 Noncanonical Hamiltonian Mechanics and Its Application to Magnetic Field Line Flow
A I U e g S A ELR 1 ) e Bl L
The field line flow consists of straight lines in the coordinates (u, 6, ).
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Eric Nardon doctoral thesis,
MOdern RMP https://www.osti.gov/etdeweb/servlets/purl/21120950 W @
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3.2 ERGOS AND DII-D CALCULATIONS 45 16 CHAPTER 3. ERGOS AND RMPS CALCULATIONS FOR DIII-D
R 2 . N .
’f j %éﬁé% i Fig. Two pages from Eric Nardon’s doctoral thesis.
10 .
X ﬁl‘ 0 4
3
12
0.5} |
0 By
E 0 0
N
-5
-05! -1 - -
: ric denotation ->
i 1.5 2 Al | 2
R (m) R(m) 1 .
0.5 . : 3 Ll

Figure 3.1: Poloidal cuts (in the plane ¢ = 30°, which approximately corresponds to the middle M H D V a r I a b le n a m e
of a coil) of BR (left) and BZ (right) produced by the I-coils fed with 1kAt, in Teslas. The -4
I-coils appear as black bars, and the plasma separatrix is also represented.
this discharge are a major radius Ry = 1.72m, a triangularity (see [2] for a definition) Figure 3.2: Poloidal cut (in the plane ¢ = 30°, as in 3.1) of b” (dimensionless quantity) produced

(8) ~ 0.5, an elongation [2] k = 1.78, a toroidal field on axis By = 1.9T, a plasma current by the I-coils in even parity configuration fed with 1kAt. - H - ( h )
S,07, S, TET, Phi

I, = 1.55MA, and a safety factor at s = 0.95'/2 (see just below for the definition of s)
qo5 = 3.5. The magnetic equilibrium and all metric coefficients are calculated using the where b' = B!/ B, (B, being the vac idal magnatic fald lie ve rical axis . .

. : X N o X = g the vacuum toroidal magnetic field on the geometrical axis) S b t l d
HELENA code [42]. We work in the intrinsic equilibrium coordinates (s,6", ), where and g'!' = Vs-Vs. A poloidal cut of b" produced by the I-coils in even parity configuration = u scrlp -> SI ng e u n erscore

s = (¥ being the normalized poloidal magnetic flux, cf. introduction) is used as is shown in fig. 3.2.

a radial coordinate (in the (s,6%, ) system of coordinates, a flux surface is defined by - Su erscri t -p double u nderscore
s = cte, in particular s = 0 for the magnetic axis and s = 1 for the separatrix'), and 6* 9 Calculati £ th h . p
is such that field lines are straight in the (s, 0%, ) system of coordinates: 3.2.3 alculation of the resonant harmonics >
Next step consists in calculating the Fourier spectrum of the radial-like magnetic pertur- = - B 1
dp =q. (3.2) bations with respect to the toroidal angle ¢ and intrinsic poloidal angle 6*. More exactly, 1
d0* |y, one needs to calculate the Fourier spectrum of - b -> t l l de b 1
where the derivative is taken along a field line. We define: b= B'/B?, (3.7)
- P B i disionasnili sl sme - b -tld b m 1
B = B.Vs (3.3) with B3 = BV, because it is the resonant harmonics of b' that appear in the expression > l e n
. I of the islands widths. This is demonstrated in appendix A). We define: _ — _—
B* = B-V¢, :
: 2 & : 10* dp
B = BV, 3.5 B (¢ / / i +np) 2722 3.8
2 (35) ma(8)= | =5 (38)
and our radial-like normalized magnetic perturbations have the following expression: so that:
1 % 2 =
=, (3.6) Bs,00)= Y Bu(s)emon, (3.9)
q mn=—00

3| 3 OO P soniiiG L e 7 " »r we have:
'Tt is usual to work with 1'/? instead of ¥ as a radial coordinate (although v is sometimes used) It should be noticed that, because b' is a real number, we have:

because for a cylindrical plasma with a spatially constant axial current density, ¢/'/? exactly corresponds i - \* 22
to the normalized radius r/a, where a is the plasma minor radius. l,,,, = ([lm") s (3.10)
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Modern RMP

ARSI B)
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—— EFIT LCFS
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ig. BEST + 5kA HCF Paincare plot

Fig. How the 16 HCFs induced by port K LHW look like.
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Fig. B of the HCFs induced by port K LHW at a flux surface.
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Modern RMP
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B s Outline

H = A4

#h B M A Em R X

5 F 5

Poincaré-Hopf & 32
Poincaré-Birkhoff & %

= R AG AT AR K 0 R IR A AR LT 5
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ARG I BB K5 B AE T Ty R

® A K

TR 692X

7] BT AEE) B MEDX o)
DPEM F IR LAy E ARy - £
A KRB EM 7 ikfedf 77k
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® TfhEF

9 5w As 4
BRI 1K) B 0 A
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Invariant manifold definitions W &
TE B & L et

DEFINITION & 3L

An invariant set S under f means that once an orbit of f enters the set S, it can never go out of S.

e R fYER T OEME#N—FES B, RERTHEAAFHTEI—FE, WHASEfF TORTE,

DEFINITION & 3

Let S be a hyperbolic invariant set under f, then the stable and unstable manifolds are defined by:

Z‘?\ S 7"7 f /f/F }ﬂ —F —X ‘ﬁl Z: “E % 2 D\]'] S é/"J 7]%%/? D Z:?E%/"i‘;ﬁ ﬂ:/; 67\%‘] /r}{ >‘L 7‘,‘7 o Yuri Kuznetsov, Numerical bifurcation of maps. 2020
Ws(S):={peM]|w(p) =S} W*(S) = {q € X| f"(q) = S as n — oo},
WHS):={peM|a(p) =S}, WH(S) ={a€ X| f(q) = Sasn— o

S — <>:
i’ ,,,,,,,,,,,,,,,,,,, e e o L ozemmrermnanaees j, ——————— ! L'iLt
._,.".F ....... ’ faﬁ L """'.';'.';'-'6"; """""""" 4 ﬁ_l’t%% "-’””''””.".'-”-'“;'L"";'””it
3 — ** PR TR —— 1234 Dt e
/f+ 2\ 7\%*&]‘1%%? O T L e s e o T T T 12845 (';;.\'um:lfzm . n L 12has6asvtoytag | n
© =t T o=l L =yl L)
&
AR A% a BMIRE. o BIRE? afyde.opdpxyyYpw el |
\ ), xEo 1 > e [ ’L, ui'
AR 2ARFFTW? Wrinkle 4840, #4%% Fig. wrinkl??%i%?i’] L .
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Field line tracing sensitivity to the initial condition

W &

ASIPP
T 1) BeaB 0 S G s T REUR P
dxg/dt = Bg
dxz/dt = By
-5 b |
" {x_ Reosg P o AR B E G B A R K ML
y= Rsing de/dX¢ = RBR/B4>
=7 {dxz/dx¢ = RBz/By XPOl(xO’ (PS’ 4’8)
0 RB
aT%XpOl(xO, qur QDE) :Tjjo (Xpol(x()l (PSI (P(B)r QDB)
o IHANAE GG S HATAE | DX por(x0, ) := 90X por(x0, 1)/9(x0R, X07) B—THEXEN, #FET
d JRB ol/qu
—DXx,,:P X ,.1(x0,0s, de), Pe) DX, 1(x0, Os,
3% nol (X0, Ps, Pe) 3R, Z) (X po1 (X0, Ps, Pe), Pe)| DX o1 (x0, Ps, Pe)
. EAGEEGE AR, Witk A = 5 x o, 0,9),0)
84) DXpol(¢s; ¢e) — A((Pe) ,DXpol(QDs/ (Pe)
e
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Field line tracing sensitivity to the initial condition

W &

ASIPP
1 3 3B SRR 4 A YRR
o R By ERXFHAKLELT S, BLR, Lt
x = B(x) e RAE, defTAE? BEE G F REFE
1 —% cos ¢ —Rsin¢ - oS ¢ —Rsin¢ .
sin ¢ Rcos ¢ DX |sin¢ Rcos ¢ = [DX . ]
i _RBz 1 1 o
By 1,4 end start
J RBp,;
%Xpol (XO, ¢)SI (Pe) — B;O (Xpol(x()r (PSI (PE)I (PB)
e
o XA F R ACHE | DXpoi(x0,t) := 90X pgi(x0, £)/(x0R, X07) B2—THEEXEN, #FET
0 | aRBpol/BfP
@DXPOI(?CO; Ps, (Pe) — (R, Z) (Xpol(x()r Ps, (Pe), qbe) DXpol (x0, s, (PE)
e ’
. EAGEIEBE AR, et A = L8 .0, 0),9)
@DXP()I(QDS; ¢€) = A(¢€) DXPOZ(¢5’ ¢€)
e
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Field line tracing sensitivity to the initial condition W &

ASIPP
3 3B N RS i B R
Bt 7) 36 B2 P BOLAR AR 8 Ak 3 4 BB A AT 4 R K

¥ = B(x) DX (xp,£)| = e [y tr VB(X(xp,0))dT _ 0 [y V-B(X(x,7))d7

e R(V - B) Bolg,

DXO(S/E):eX( d)—
ot (Ps, p /(P 5,9 g

d RB
@Xpol(xof Ps/ Pe) :TEO (Xpor(xo, s, @e), be)
£
o XA F R ACHE | DXpoi(x0,t) := 90X pgi(x0, £)/(x0R, X07) B2—THEEXEN, #FET

d DX _aRBpol/BfP X DX
87153 pol(xOr bs, Pe) = IR, 7) ( pol(x()r Gs, Ge), Pe) pol(xOf Ps, Pe)

ﬁ&ﬁ%%%ém,%ﬁﬁmwzﬁ%ﬁhwm%mw

d
35, D Xpol 9 90) = A @) DX por (s, 7D




Field line tracing sensitivity to the initial condition W &

ASIPP
5 1) R 3E BX AR iy A AR

« DPIM §3IR L igAk

d +m . +m
g PP @) = [A(p), DPE™(¢)]

* SIEmMT, P = s + 2mm BIIHAR X1 3T ER &

s At 2R mFS?
—AH G LW, wREAEGRART q=2=1/,

n

Cardm EHEm B, RmLiEn BEEE AR,

d
36, DXpol (9 #e) = A0 DX pur(5,90)




Evolution of the eigenvectors of DPX™ along a cycle

W ER_E DPE™ BYRFAE TS 1] AL

e DPEIM B3R FiF AL

— DP*"(¢) = [A(p), DP"(¢)]

« DPEIM AFIE w69 IR LiE AL

@’:ql _11 VA — DPE" [1 _1] V) (DPEm)' v

AR T ERFNE, BAKRIERT AHFMH

o JLAREE ) B AY IR ALA P AN A AE T B ARSI 00 R S L ARARIR, IR AT R R AL DPEM 2
& BRI 4ELE 7 19)




Classification of cycles

W &

ZNiipIEN

o« DPIM PR Lig A FALY 3T X,
K TR LA DPIM FIE R, 1%
1HARIE DPT™ GG 4FAEAE T IR 5 K AR
T fE. o

* A% & 2 elliptic cycles *F & 0 &
 Ju4 3R parabolic cycles *+ & 7 22 & £ &9 31
o Ui 2K hyperbolic cycles *+ & X &

« Y RIEF RAEA MBS B

ARG G % ih 569 Poincaré B4t %
G R ARE AT E Yy L,

°ﬂi@%ﬁﬁ7dﬁfﬁnﬁ 1#1FAE B A TR 4k
AL ) RABTAER, FE2LMEAE,
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/L,i divergence-free fields
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Classification of cycles

W &

ASIPP

ZNiipIEN

DEFINITION & 3L

DP™ 4 IEAA
EARES E

(

hyperbolic

cycles of

3D flows | partially hyperbolic

(but not hyperbolic)
non-hyperbolic

\

0-3F L#) DXpop B9 ANIFIEAA R AP TR A (W R AR T LT REIR Sesy, —EH— R4
The two eigenvalues of DX, rotate along S < C with an average speed of ¢, clockwise and counter-clockwise, respectively.

X-2R
saddle non-Mobiusian  if both A pos1t1've
) Mobiusian if both A negative L
smklr}g %f both A 1ns1d'e 5 3 5 5 7T 6 B AL R TR
| sourcing  if both A outside 5 R 48 &8 3 7T 8 7T VA

P

if both A on S but # £1
if both A =1or —1

if one eigenvalue A = 1 or —1, while the other A € R\ {1, -1}
elliptic
|

| 0-3F |
| HEEEHF |

parabolic

34




Invariant manifold growth formula W &

. ASIPP
AEFREAEK AKX

o RIRAGAE R Fo AL R TS A
R RIS, T B
A7 (0,8), B (s, P)o s
A R-1 A8 W 33X — iR 44 W
kK, ¢ HAEF G
A AT

o 3EH R R I HALN A \
B, P —TEMAX R | |

- Fig AT TRER (BATEEEA) X5(s +ds, ¢ +dop)

X5 (s, ¢ + dep)

To
6/ 2
R AERAXTZREEH - Kot et gy~ 257 0
B, A BB AL N [ o
P) — S,
TR, Bl E,j, v. A

EASFA ds/dp, Froide B B ¢ B RTHXIFK, + T+, F I —, 35




Invariant manifold growth formula abbreviated

W &

ARG AR AR E

RB ) dX!/s

2pol xeufs gy
aXu/S(S )_ B(P (X ’(P) a(P (S’qb)
ass RB oXU/s
pol ~ru/s -
+ B, (X*%, ¢) 39 (s, ¢) 2
RBpy OX°
oxXu/s By 0
9s | BBy _0X"/°
By O
2
X" _ RBpy 0X“/°

+1l--.
> 5 "o /Il

X5 + ds, ¢ + dop)

X5 (s, ¢ + dep)
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1D invariant manifold growth formula

—HEABHIEERK A

* If the only known is limited to one section ¢,
..e. we only know P™(x,, ) and DP™ (x,, @) at a fixed .

¢ da B R i — AR RS 8

®mETZ,

E?‘Q:,

P Hait G ¢ £ —/N A BHAY

P™(x0, ) A= DP™(x0, P)

dX*(s)
ds
dX>(s)
ds

o RAHy, 1%/ XA AR F] A6 R 2 A A3 d b, Similarly, this formula can also apply to (ir)rational flux surfaces.

— DPp™" (73—’” (X"(s))) -

= DP " (P™ (X%(s))) -

(a)

ASIPP

1.0 -

0.5 1

ds

e x©) /Il

ds

o) b
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Invariant manifold growth formula in axisymmetric vector field

W &

R WA A R TR RR R o

Figure from Jan Willem Coenen, The Influence of the Dynamic Ergodic
Divertor on the Radial Electric Field at the Tokamak TEXTOR [D] 2009

\

magnetic
flux surfaces

RB B 5D, Gl

+1-..
A e
R—ANERT R “387 0
24 B R (), Z () #F A2 T o RBPOZ - X 4+ H o “2
Pick a non-invariant “cycle”, B(P ¢
e.g. acycle with R.(¢), Z.(¢) constant.
g y c ¢ c ¢ aXu — -
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Homoclinic/heteroclinic connection/intersection W &

N . ASIPP
)1 | et SRR A2

RN A A mLd & A X B4 89 R A
Bt MR T R ELSY, HRARIEEE;
ERMP I Z T ECMARBESL, ARZH
] 18 48 2 o

) 15 3% 4£/48 2 Homoclinic connection/intersection

] 18 #u/3  Homoclinic trajectory/orbit

- 2'01§ ;o 3.'; L 4.; / ;.5 5.0 55
Flg BEST (S, 8*; ¢) mESh 12 1.4 16 118( :)i 2.0 2.2 2.4
R(m 39

Fig. RMP T EAST #103950 @ 3500ms




Homoclinic/heteroclinic connection/intersection W &

. . ASIPP
)1 | et SRR A2

L N o _ 78 E T VAR A& SUEAZ A
45 3% 3[40 3 Heteroclinic connection/intersection S 77 b0 3 T VAR AL T B kA P A B AR
S8 #ufi  Heteroclinic trajectory/orbit

40




B s Outline

H = A4

# B ] A B AR X

5 F 5

Poincaré-Hopf & 32
Poincaré-Birkhoff & %

= Y B AR A AR K 09 52 3 A AR LT
KAM & 3%

ARG I BB K5 B AE T Ty R

® AMAK

R A2 L

7] 3t B H B DX o)
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Classical method to grow manifolds W &

R4 57k

Xo Expected A\ U
P \/ A P — A
Xo Not expected AN U

Tangled
\\,/ —\ 28 4 — A2

O xN
OoO X; in the middle
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Classical method to grow manifolds W &

. . ASIPP
A KA B 22 107 32

Po=Xo

Qmin < g < Umax and (Aa’)min < Aka’k < (Aaf)max

G AR £ K 7k (RBEARGRIR) *RUT 25+ % 4,
B e iR HF R IN 2 89 S AN 44 (map),
1  INF) ¢ A & & &9 Poincare w4t 2 A8 B2 |A] 75 X Bk 89,

Fig. Growing the stable manifold 34

! Krauskopf, B., and Osinga, H. M. 1998. Globalizing two-dimensional unstable manifolds of maps. Internat. J. Bifur. Chaos Appl. Sci. Engrg., 8(3), 483-503.

2 Krauskopf, B., and Osinga, H. M. 1998. Growing 1D and quasi-2D unstable manifolds of maps. J. Comput. Phys., 146( {, 404-419. ) 43
3 England, J. P., Krauskopf, B., and Osinga, H. M, 2004. Computing one-dimensional stable manifolds and stable sets of planar maps without the inverse. SIAM J. Appl. Dyn. Syst., 3(2), 161-190.

4Figures drawn in Yuri Kuznetsov, Numerical bifurcation of maps: From theory to software. 2020




Our method to grow manifolds W &

A RKAIE W 5 1

T xo 09N Around a small neighborhood of x|,

X0
—+c6655 >
\__ 7
BRI EFVRARRA T, (x¥1) =X = Ay - (X1 = Xo)

AR & pqp 10 keep the sequence ordered, i.e |P™(xq) —x0] > x5 —Xpl.

N\

one simply needs to let [x5; —Xo| < A, |x1 — xpl-
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A realistic numeric example on EAST W &

ASIPP

R AST ERIBUAGIT \yuis )= (xR Z.g) € M| (R2) € WP (), x(p)

¢<[0,2m7)

(@)

Fig. RMP T EAST #103950 @ 3500ms ”




A realistic numeric example on EAST

W &

P EAST_EROBUEINT e

()  ¢el02mm)

S e Wi

- — s
0 Y W
max

1.0 —0.4650

—0.4655
—0.4660
—0.4665
0.5

-0.4670
WP, x,) —

—-0.4675

0.0

Z(m)

I~ (b)

1.622 1.623 1.624 1.625 1.626

1.627

-0.4

-0.5

-0.5

-0.6

-0.7

~ii0 -0.8

-0.9

1
!
12 14 16 18 2.0 22 2.4
R(m)

Fig. RMP T EAST #103950 @ 3500ms, ¢ = O rad

ASIPP

M= U {xRZ¢) eM]| R 2Z)eW/P"@)x¢))}
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A realistic numeric example on EAST W &

SIzef EAST - B A 171 Astee
(b)

-0.41

=-0.51

—-0.61

—-0.7 1

-0.8- Dense seed points of FLT are
put here, and then mapped by
P - once and once again.

- RIER T WP, x,,)

-0.9- , , , , . . : .
o JNOHM R FTATR AT T 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
o KRAMRAMRAE L, RLBHPRE—4

« LA X OHFHTIRLF n 2 d T REdEF A
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A Mabiusian/non-Mdbiusian cycle

5 b 5 B PR AR 5 L 5 1 ER

(

|Au |<P/2m7r C?S 0. (¢) + Ro
sin 6, ((P) Zo

’47/2m71: C(')S 95(4’) 4 Ry )
sin 65(¢p) Zy

Xpol((lb) = 9

« LHIZ T, fTHIERLIS?
How to construct a field for a desired cycle?

c EEAMMLGRF LGN, AR ERGEL B &4
Note that what we construct is a Mobiusian cycle instead of a classical Mobius strip.

[As

g

,  (for unstable trajectories)

(for stable trajectories)
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A Mabiusian/non-Mdbiusian cycle

5 LG S PR A B b S ER
|y | PRI C?S Ou(®) Ko , (for unstable trajectories)
X po1(9) = < sin 0,,(¢) Z0
|| B2 C(.)S () Ko ,  (for stable trajectories)
\ sin O5(¢) Z0

Let AXpo1(¢) := Xpo1 (@)~ [Ro, Zo]". For the un
EFERNT

le trajectories, AX ;9 (@) is
ENFHF

/

d 1 [cos 6 cos 6
Rl _ ¢/2mr u 4)/2m7t( u )
d(,bAXPOZ((P) (Mu| ) sin 6, 1Al sin 6,
In|A,| o In|A,| Y
2 > — cosf 5 6
=| Ay |9/2mT [ Zg,” lnAZ] ngz = [251,” lnAZl] AX por (¢)
u 2m7T u 2mrt

In Ay —o
= [ e mu] AXpol(9) + {9; u} AXpor(g):

2mr

B ) B 3E AL IR B B —aiexpoz(xo,%@) :Rg :"’ (X pot(x0, s, 00), )
JRB / B
/ pol/ P X




An analytic dummy X-cycle

Dii& X BRI AT 5

|/\u|¢/2m7r C?SQu((P) + Ro
sin 0,,(¢) Zo

|A ‘(p/Zmn COSQS((P) + RO
’ sin 65(¢p) T

Xpol(‘tb) = 9

\

R:(¢) =R, cos (tCP “+ 90) + Rax,

AT RATE—XIR, RE Sh—F,
% B4 Fik Ry, Zo B A H.

To analytically construct an X-cycle, only one more change is needed,

that is to let Ry, Z|, are no longer constants.

,  (for unstable trajectories)

,  (for stable trajectories)

Wi(y) sprout «——
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Physical picture

When the plasma free energy is below
the threshold of the nested tori.

FHTARA B ARE#T A

ﬁxﬁﬂﬁzmﬁ

—— --——.-u...-..._,
f

---------------

[
]

When the plasma free energy is above

the threshold of the nested tori.

“T%waa 6 AR #k B
RE A 849 AR

Fig. An analogy picture to magnetically confined plasma

Plasma
Nested tori

- It has a threshold for the
free energy it can hold

Scrape-off layer
A &

* First Wall

¥ — B
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Edge magnetic topology

W &

Z (m)

Z (m)

RGN

standard, B.x = 5%

5.0

5.5 6.0

5.5 6.0

Fig. Wendelste|n7 X £ &1z 4

Z (m)

Z (m)

ASIPP

high mirror, B.x = 5%

T. Eich et al. 2013 Nucl. Fusion 53 093031
Scaling of the tokamak near the scrape-oft layer H-mode power
width and implications for ITER
wF LR AL H B ET K% ITER &) ZArfa®h
10°
/1q,ITER ~1 mm
E
1 1 1 4:57‘
5.0 5.5 6.0 8
low_iota, Bax = 5% | 25 RE M BRI A A AR A AR
é%ﬁ%gﬁﬁﬁﬁﬁﬁix,ﬁ%ﬁﬁﬁ
S 1% 25 0918t
P 2 8P 68 5 R AT HEX A
Blrem LB XA KA, & A2 BT E ) &
HEBEKESHIE I 04644,
10!

5.0 5 5

Prlvately given by Song Zhou, 2021

TAE X 09 8% /) &% %%F
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Edge magnetic topology

W &

ARG FH
high iota, B.x = 5%

5.0 5.5 6.0

ASIPP

B 09 B A ] 5 M R TR Ao R
LR EAT RN ENL, BEXZE 3
1o e R0 3% .

2R PEBREBHIERSEZAXITAEEXR
B R LB R KD, &R T8 &
FEEKESH I HINE ey iad 44T,

Privately given by Song Zhou, 2021

R (m)
Fig. Wendelstein 7-X £ %15 474% X 69 2 /] KK A
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How to locate the true LCFS?

W &

(-0.6305,-0.6305) + (9,9)x10-3 _ (-0.62655,-0.62655) + (1.6,1.6)x10-3

(-0.625311,-0.62631) + (2,2)X10-5 (-0.62535,-0.62639) + (1.85,1.15)x 104

ASIPP
= M AN
QA B € 5 1 FA) S5 A VA 5 T T 7 R =112 —Tr(DTY)]
BC N J. M. Greene, R. S. Mackay and J. Stark, Physica D, 21, 267-295, 1986

Boundary circles for area-preserving maps, 1
PR AR R AT 69 12 F B _
Or Alus et al 2014 Phys. Rev. E 90 062923
Statistics of the island-around-island hierarchy in Hamiltinian phase space

P 7 Hamilton #8 = 8] ¥ B 9h 1 &K 69 %t

i '/ T Figure from this paper R =— [2 - )lu - 1/Au]

!

* Greene, Or Alus 5 A AR SN 89 ARANIR Ay 3 R
(boundary circle, BC) , HeAi] A — 4 £k iy AR 69 B4
A RIT %, £ %A Hénon map.
o I R Bt 0944 (rotation number) £ “| A
®”8y, R HomESTHNHBX, £X
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From structure to control W &
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Topology control
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Discussion and conclusion W &
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